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Motivation

Clarify a certain one-to-one correspondence among
® triangulated categories with full exceptional collections,
® generalized root systems,

® semi-simple Frobenius structures.

In particular, we are interested in the Hurwitz Frobenius structures
and their relation to Bridgeland's space of stability conditions for
Fukaya categories studied by Haiden—Katzarkov—Kontsevich.
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Generalized root systems

Definition 1
A root system R of rank u is a tuple (N, I, Ae) where

e N is a free Z-module of rank p,

e | : N xN — Z is a symmetric Z-bilinear form,

® A, is a subset of AV, called the set of real roots,
satisfying the following properties:

1. N=ZA.

2. Foreach o € A, I(a, ) = 2.

3. For each o € A, define a reflection r, € Autz(N, 1) by
fa(A) =X = I(a, N)a. Then, ro(Are) = Ave.

Definition 2

The group W(R) := (ra | € Are) is called the Weyl group of R.
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Remark 3

For simplicity, we only consider “simply-laced” root systems.

Remark 4
It is important that / is not assumed to be positive definite.

Remark 5

The Weyl group W(R) is not necessary a Coxeter group.
Therefore, we need an intrinsic definition of a Coxeter element
which does not depend on a particular presentation of W(R).

Definition 6

The signature of R is the signature (p, po, 1—) of Ix where
(resp. po, p—) is the number of positive (resp. zero, negative)
eigenvalues of Ig.

In particular, po = rankz(rad(/)) where

rad(/) :={A e NI\ N)=0, N e N}.
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Proposition 7
Let R = (N, 1,A) be a root system of rank p. The following are
equivalent.

L (ks po, p—) = (1, 0,0).

2. A is a finite set.

3. W(R) is a finite group.

R satisfying these three conditions is called a finite root system.
Remark 8
Other types of our interest are

e affine root systems: (p, po, u—) = (p— 1,1,0),

e elliptic root systems: (p4, po, i—) = (1 —2,2,0),

® cuspidal root systems: (p4, po, p—) = (1 —2,1,1),

® (no name) : (4, o, i) = (14, 110, 0).
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Irreducibility, isomorphisms, ..., are naturally defined.

The following is well-known (cf. Bourbaki).

Proposition 9
An irreducible finite root system is isomorphic to one of the
following types:
LAy (p>1):
° N:={(n,...,nu11) €Z* | m +-+n,1 =0},
® |: the restriction of the standard Z-bilinear form on ZM+1,
* A :i={aeN|l(a,a)=2}.
2. Dy (n>4):

* N:={(m,...,n,) €Z"|n +---+n, € 2Z},
® [: the restriction of the standard 7Z-bilinear form on Z*,
* A :i={aeN|l(a,a) =2}

3. E, (n=16,7,8): Omit today.
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The most important thing is the following

Definition 10
Let R = (N, /,A) be a root system of rank p.
A subset B = {a,...,a,} of A is a root basis

if Are = Wg - B where Wg 1= (ra,,...,ra,) C W(R).

It follows that N'=ZB and W(R) = Wp.
In general, N’ = ZB does not imply that B is a root basis.

Definition 11
Let R = (N, I, A) be a root system of rank p. An element
c € W(R) is called a Coxeter element of R if there exists a root

basis B = {a,...,,} such that c = ry; ... 1,

Definition 12

A pair (R, c) of a root system R and a Coxeter element ¢ of R is
called a generalized root system.
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Classification of finite generalized root systems

Theorem 13 (Nakamura—Shiraishi-T)

A generalized root system (R, c) with irreducible finite R is
isomorphic to one of the following types:

1. A, (p > 1) whose Coxeter-Dynkin diagram is

o o— i —0—0
1 2 p—1
2. Dk (n>4,1<k <[n/2]) whose Coxeter—Dynkin diagram is

p—k+1

3. E@yl, E672, E673, E771, e, E7,5, E871, e, E&g. (omit today)
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For a root basis B = {a1,...,a,}, the Coxeter-Dynkin diagram is
given as follows:

® For each «j, put a vertex o;.

o o ifan05) =0
e O" Oj " |f I(O[”O[J):_l
e O,' O_/ " |f /(alaaj):+1
Remark 14

D,.1 is a root system of type D, with the standard/usual Coxeter
element, which will be denoted simply by D,:
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Problems

The characteristic polynomial of ¢ of D, i is given by
¢, (t) = ("F +1)(t“ + 1).

Therefore, D, and D,, « (k > 2) are not isomorphic.

Problem 15
Construct D, (k > 2) geometrically.

Problem 16

Construct a Frobenius structure “compatible with ¢p, ,(t)".

Our purpose is to give an affirmative answer to these problems
based on the idea that "type D, is an type A with an involution”.
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Geometric construction of D, x
For 1 < k < [u/2], consider a holomorphic map

f:C*—C, zm f(z)=2z20"K 4772

and an involution ¢ : C* — C*, z — —2z.
Then we have a short exact sequence

0 — Hy(C*Z) — Hy(C*, FH(R); Z) -2 Ho(FY(R); Z) — 0,
where 0 << R € R and H denotes the reduced homology

Ho(f~Y(R); Z) = Ker(Ho(f*(R); Z) — Ho(C*; Z)).

Remark 17 _

The intersection form /7 on Ho(f~1(R); Z) naturally induces a
finite root system of type Ap,_1 (exactly the same description as
above).
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Theorem 18 (lkeda—Otani-Shiraishi—T)
The tuple (N, I, Are, c) where
o N :={\€ H(C* FYR);Z)| te(N) = =},
o I(AN) = 315, (0N 0N), AN €N,
* Ao i ={aeN|l(a,a) =2},
e c € Auty(N, 1) is the automorphism induced by the
monodromy around the circle {w € C||w| = R},

is the generalized root system of type D, .
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Remark 19
The tuple (N, 1", AL, ¢") where
o N := Hy(C*, fY(R); Z),
o I'(AN) =15 (OX, 0N), A, XN e N,
e ANl ={aeN|lI'(a,a) =2},
e c € Autyz(N’, ") is the automorphism induced by the
monodromy around the circle {w € C||w| = R},
is the generalized affine root system of type Z2(u—k),2k' whose

“i-invariant generalized root system” is of type A, _ «:
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Idea of proof
There exist 1 distinct points xi, ..., x, on C* such that zeros of f

are {x1, —X1, ..., Xy, =Xy }.

For each 7, choose a path p; from —x; to x; traveling
counterclockwise around the origin. Then v.([p;]) = —[pi] +
where 0 is the image of the generator of Hy(C*;Z).

Note that {[p1] — d/2,...,[pu] — 0/2} is a Q-basis of N ®7 Q and

also that for (ny,...,n,) € Z* we have
1 1 p
Zln,' ([p;] — 25) eEN Zln,' € 27,

which is nothing the description of the D, -lattice.

It is easy to find the expected root basis.
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t-invariant deformation of f and the Frobenius structure

Consider the following deformation fp, , of f

k) 2i 2j—1
Fp, (zs)—z“ —|—§ Ss0,iZ°' +§ Sok S0 7 2J

over the parameter space
Mp,, = {(Soo1s-+»Soou—ksS01,--+,50k—1,50.k)}
Crk x ck1 x C*.

Fp,  is t-invariant, FDM(—z;s) = FDM(Z;S).
Example 20

FDM(Z; s) = 2%+ Sso,1 + 5007222 + 5007324 + s&lz—z.
FD4’2(Z; S) = 74 + Seo,1 + 500,222 + 50,250712_2 + 5&22_4.
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Frobenius structure on M is a tuple (o, 7, e, E) where
o:Tm @0y T — Tm, 1 Tm ®oy, Tv — Oum and

e, E € T(M, Ty) satisfying several “flatness conditions” and
“homogeneity conditions”. It is locally described by flat coordinates
and a local holomorphic function called the Frobenius potential.

There is a systematic construction of a Frobenius structure by the
use of a primitive form (cf. Saito—T).

A key step is the following Kodaira—Spencer isomorphism.
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Proposition 21
There exists an isomorphism of Oy, k-free modules
s

KS. : Tiay,, = (OMD (.27 / (8F D )) |

By this isomorphism, a product structure o on Ty, ; is induced
s

from the one on the RHS and we can define
e := KS;l([l]) = 0/05%,1,

0 0
E = KS Y([Fp,,]) = Zd i +Zd015°’fa
p—k—i+1 2k —2j +1 1
dopj'i= ——m—, P= .
’ [ — k 0. 2k T 2(u—k)

Note that d; and dp are positive.
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— | B
Let Qr, = (Owm, , 2,77 Y0z [dFp,, )
There exists a non-degenerate symmetric Oy, k—bilinear form
1,

9 . xQ =
JFD,u,,k’ L FD,LL,k’ L FD,u,k’ L OMD#,k’

1 j{ D192
2my/—1 |8F'37W<‘:€ 9Fp,,
0z 0z

A nowhere vanishing 1-form ( yields the Oy, k—isomorphism
s

([prdz], [p2dz]) = dz.

¢
T, , = Qe o X [XFp,, - (],

which enables one to define 7 on TMD . If Cis "good enough”,
one can show the tuple (0,7, e, E) satlsfles flatness conditions”
and “homogeneity conditions” and hence one obtains a Frobenius
structure.
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There exist a filtered de Rham cohomology group 7-[5:(2“ — the
GauB-Manin connection V and the higher residue pairing

Key 0.

ok

In particular, [dz] € Hgﬂ ot is a primitive form with the minimal
exponent 2(T1—k) which induces on Mp, , a Frobenius structure of
rank u and conformal dimension 1 — ﬁ

(From results by Milanov—Tseng, Ishibashi—Shiraishi-T, Milanov)
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Theorem 22 (I0ST)

1. The Frobenius potential F is an element of

Q[t&kv t(;i][too,ly sy tOO,M—ka t0,17 ceey tO,k—1]>

where t, . is the flat coordinate corresponding to s, .

2. Exponents of the Frobenius structure are exponents of the
characteristic polynomial ¢p, ,(t) of the Coxeter element.
Namely, we have

QZ)D‘Lk (627”/?1((1*’*_2(!‘1—"))) —0.

Since 1 < k < 1=k, doo ik = 5777 = a7y 1S indeed the
“minimal” exponent, the smallest one with respect to the natural
ordering < on Q. This shows that this Frobenius structure is the
most natural one.
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Example 23 (Dy = Dy ;)

0 o 2 0o 1 o 2 0

e=——, E=ti7—+ otz —+2to1 s —,
Otos 1 19 373003 3 1oty

Tt ——
too,1 3 o 81‘0072

1335
600, (1) = (€4 1)(e +1). - exponens: {5, 2,221

15 1 2 2
Fpy, = 1o too1too3 T 5leo1loo 2 T o101

! 3 ot —i-#t?
216 °2°°3 T 1632460 3
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Example 24 (D, )

e= 0 E—t, 0 4t O o ? ity 0
N 81.'00717 N Oo’latoo,l 2 007281'0072 07181'071 2 0’2(91'072’
1133
¢, ,(t) = (t? +1)?, exponents: {4, UL 4} ,
1 1
Ips, = 1too2 + Tt 1t0,10,2

8oo 4

3
5 1 f5q

)

1
38402 " 1536 too

1
+3tooztoz+ 0 oozt01t02+
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Remark 25
If k=1, then F is a polynomial. In particular, we have a natural
identification

Mp, U {sox =0} = bh/W(D,)
as expected, where b := Homgz (N, C).

Remark 26

Dubrovin expected that an irreducible semi-simple Frobenius
structure with positive degrees whose Frobenius potential is an
algebraic function corresponds to an irreducible Coxeter group and
its “quasi-Coxeter element”. In particular, he expected that the
cases for the “standard” Coxeter elements correspond to
polynomial Frobenius structures, that is proven by Hertling.

Our result support Dubrovin's conjecture for D,,.
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Remark 27
Consider the map

Mp,, — M; = Cr Kk x Cck1 x ¢,
s n—k,k
50,1 50,k—1 2
(500750,17'"750,k7].750,k)'_> (s007 Yoy 750,k)7
50,k 50,k

and the “i-invariant version” of the story. Then [dz/z] € HS_E)D) .
ok’

is a primitive form with the minimal exponent 0, which induces on
I\/IZ\WM a Frobenius structure of rank g and conformal dimension
1 which is isomorphic to the one from orbifold Gromov-Witten
theory for the orbifold P;lt—k,k'
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Remark 28
The degree of the Lyashko—Looijenga map

LL: My  \B—(C*\ diag) /S,

where B is the bifurcation set, is calculated by Arnold and
Dubrovin as

—1)! _
(1 — k(/i 1)!()/< —yi ) .

On the other hand, it turns out that the double of this number is
the number of all root bases for D, .
(follows from results by Kluitmann and Nakamura—Shiraishi—T)

Thus, Mp, , passes a compatibility test.
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Thank you very much!
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