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1. Gauged linear sigma models (GLSMs)
The input data of a gauged linear sigma model (GLSM) is a
5-tuple (V ,G ,C∗R ,W , ζ)

(1) (linear space) V = SpecC[x1, . . . , xm] ' Cm

(2) (gauge group) G ⊂ GL(V ) ' GLm(C) linear reductive

(3) (R symmetries) C∗R ⊂ GL(V ), C∗R ∼= C∗.
G ,C∗R commute, G ∩ C∗R = 〈J〉 = µr

C∗R acts on V by weights c1, . . . , cm ∈ Z, R charges qj =
2cj
r

(4) (superpotential) W ∈ C[x1, . . . , xm]
G-invariant: W (g · x) = W (x)∀g ∈ G ⇔W ∈ C[x1, . . . , xm]G

quasi-homogeneous: W (t · x) = trW (x)∀t ∈ C∗R
(5) (stability condition) ζ ∈ Hom(G ,C∗)⇔ G -linearization on V

assumption: V ss
G (ζ) = V s

G (ζ)

Xζ = [V ss
G (ζ)/G ] smooth DM stack

↓
C∗ω yXζ = V ss

G (ζ)/G = V//ζG GIT quotient

:= C∗R/〈J〉 ↓ projective w(t · [x ]) = tw([x ]), t ∈ C∗ω, [x ] ∈ Xζ

X0 = Spec(C[x1, . . . , xm]G )
w−→ C
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A GLSM is abelian if the gauge group G is abelian.
In most of this talk, G = (C∗)κ.
We have a short exact sequence of abelian groups (let n = m − κ)

1→ G
(D1,...,Dn+κ)−→ T̃ ' (C∗)n+κ −→ T ' (C∗)n → 1

∩maximal torus

GLn+κ(C)

where Dj ∈ Hom(G ,C∗) = L∨ ' Zκ. Then

Xζ is a smooth toric DM stack (Borisov-Chen-Smith)

Xζ = V//ζG is a semiprojective simplicial toric variety

Xζ = [µ−1(ζ)/GR] where GR = U(1)κ ⊂ G = (C∗)κ, and
µ : V = Cn+κ → Lie(GR) ' L∨R := L∨ ⊗Z R ' Rκ is the
moment map of Hamiltonian GR-action on Cn+κ.

ζ ∈ L∨R ' Rκ ⊃ secondary fan

(cf. Ernesto Lupercio’s talk)



5/22

Example: quintic
V = C6 = SpecC[x1, . . . , x5, p], G = C∗, ζ ∈ R− {0}

gauge charges G acts by weights (1, . . . , 1,−5)
R charges C∗R acts by weights (0, . . . , 0, 1)

}
G ∩ C∗R = {1}
superpotential W = p(x5

1 + · · ·+ x5
5 ) = pW5(x)

ζ > 0 : Calabi-Yau (CY)/geometric phase

Xζ =
(
(C5 − {0})×C

)
/G = KP4

Crit(w) = {W5(x) = p = 0} = X5 Fermat quintic

⊂ {p = 0} = P4

GLSM invariants = Gromov-Witten (GW) invariants of X5

ζ < 0 : Landau-Ginzburg (LG) phase

Xζ = [
(
C5×(C− {0})

)
/C∗] = [C5/µ5]

Crit(w)red = [0/µ5] ' Bµ5

GLSM invariants = Fan-Jarvis-Ruan-Witten (FJRW)

invariants of (W5, µ5)
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Chiodo-Ruan (2008) LG/CY correspondence for quintic 3-folds:
GW invariants of X5 ←→ FJRW invariants of (W5, µ5)

(1) (ε-wall-crossing) Givental style mirror theorems

CY phase (Givental, Lian-Liu-Yau 1996-7):

J+ =
I+
I 0
+

under the mirror map

LG phase (Chiodo-Ruan 2008): J− =
I−
I 0
−

under the mirror map

I±, J± are functions of 1 variable
take values in a 4-dimensional complex symplectic space

H(z)± = zH0
± ⊕ H2

± ⊕
1

z
H4
± ⊕

1

z2
H6
±

(2) (ζ-wall-crossing) I+ and I− are related by analytic
continuation and a C-linear symplectic isomorphism
φ : H(z)+ → H(z)− ∈ Sp4(C)

Question: ε-wall-crossing and ζ-wall-crossing for GLSM
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Cheong, Ciocan-Fontanine & Kim “Orbifold Quasimap Theory”
ε-stable quasimaps to Xζ = [V ss(ζ)/G ], ε ∈ Q>0.

I Jε
ε→0+
oo ε→+∞// J

quasimap wall-crossing (ε-wall-crossing)
⇒ Givental style mirror theorems
⇒ mirror theorem for smooth toric DM stacks

(Coates-Corti-Iritani-Tseng)

Y. Zhou: ε-wall-crossing in orbifold quasimap theory in all genera
in full generality. It is expected that Y. Zhou’s proof is
generalizable to GLSM ⇒ Givental style mirror theorems for all
GLSM in all phases (Shoemaker)
Clader-Janda-Ruan, “Higher-genus wall-crossing in the gauged
linear sigma model”, with an appendix by Y. Zhou:
GLSM for complete intersections in weighted projective spaces

Today: I -functions and ζ-wall-crossing for abelian GLSMs
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2. Higgs branch

Fan-Jarvis-Ruan, “A mathematical theory of the gauged linear
sigma model” 2015, 2018, 2020

Favero-Kim, “General GLSM invariants and their
cohomological field theories,” 2020

Polischuk-Vaintrob: affine LG models
Ciocan-Fontanine-Favero-Guéré-Kim-Shoemaker: convex
hybrid models

Let X = (V ,G ,C∗R ,W , ζ) be a general GLSM.
G and C∗R generate Γ ⊂ GL(V )

1→ G → Γ
χ−→ Γ/G = C∗R/〈J〉 = C∗ω → 1.



9/22

Landau-Ginzburg (LG) quasimaps

A genus-g , `-pointed, degree β ∈ H2(BG ;Q) ε-stable LG quasimap
to X is a 4-tuple Q = ((C, z1, . . . , z`),P, ρ, u)) where
(1) (C, z1, . . . , z`) is a genus-g , `-pointed nodal orbicurve
(2) P → C is a principal Γ-bundle

(3) ρ : P ×χ C
∼=−→ ωlog

C = ωC(z1 + · · ·+ z`)
(4) u ∈ H0(C,P ×Γ V )

[V /Γ]

��
C

f

::

P //

ωlog
C $$

BΓ = [•/Γ]

Bχ

��
BC∗ω

P

��

f̃ // V

C

P ×Γ V

��
C

u

UU

(5) The base locus B(Q) := u−1(P ×Γ V un
G (ζ)) is purely 0-dim’l

and disjoint from marked points and nodes in C
+ ε-stability condition
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Moduli spaces

LG ε
g ,`(X, β) := moduli of genus-g , `-pointed, degree β ε-stable LG

quasimaps to X. We have evaluation maps

evi : LG ε
g ,`(X, β) −→ IXζ =

⊔
v∈Bζ

Xζ,v , i = 1, . . . , `

Fix g , `, β, and ~v = (v1, . . . , v`) where vi ∈ Bζ , let

X = LG ε
g ,~v (X, β) :=

⋂̀
i=1

ev−1
i (Xζ,vi ).

Then evi : X→ Xζ,vi .
Let Zζ ⊂ Xζ , Z ⊂ X be the closed substack defined by
Crit(W ) ⊂ V . By Fan-Jarvis-Ruan, X is a (usually non-proper)
separated DM stack of finite type, equipped with a perfect
obstruction theory of virtual dimension r . If Zζ is proper then Z is
a proper DM stack.
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Favero-Kim’s construction
There exists a smooth DM stack U of finite type, a vector bundle
bundle BU over U such that X is embedded in U as the zero locus
of βU ∈ Γ(U,BU):

ιX : X = Z (βU) ↪→ U, [X]virBF = cb(BU, βU) ∩ [U] ∈ Ar (X;Q).

where b = rankBU, and that the evaluation map evi : X→ Xζ,vi
extends to evUi : U→ Xζ,vi which is a smooth map between
smooth DM stacks.
X, U, BU, βU depend on (V ,G ,C∗R , ζ) but not on W .
Let wζ,v : Xζ,v → C be the restriction of the superpotential
wζ : Xζ → C, and define

wU :=
∑̀
i=1

(evUi )∗wζ,vi : U→ C.

Then ι∗XwU = 0. Favero-Kim constructed

[U]virw ∈ Heven
Z (U, (Ω•U,−dwU)) .
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LG loop spaces
In orbifold quasimap theory, the I -function is obtained by C∗
localization on stacky loop spaces (orbifold version of Givental’s
toric map spaces). We will introduce LG loop spaces which are
analogues of stacky loop spaces.
The domain is (P[a, 1],∞ = [1, 0]) where a ∈ Z>0, (g , `) = (0, 1).
M. Shoemaker “Towards a mirror theorem for GLSMs” (g , `) = (0, 2).

Given p = 0, 1, a ∈ Z>0, m ∈ Z, define

Hp
(
P1,O(m/a)

)
:= Hp

(
P[a, 1],OP[a,1](m)

)
.

Given an effective class β ∈ Kζ ⊂ LQ := L⊗Z Q, define

Vβ =
n+κ⊕
i=1

H0
(
P1,O(〈Di , β〉−

qi
2

)
)
, Wβ =

n+κ⊕
i=1

H1
(
P1,O(〈Di , β〉−

qi
2

)
)

degree β LG loop space Xβ,ζ = [V ss
β (ζ)/G ]

degree β obstruction bundle Obβ = [
(
V ss
β (ζ)×Wβ

)
/G ]
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C∗q rotates P1, T̃ and C∗q act linearly on Vβ, Wβ.

T̃ × C∗q acts on the smooth toric DM stack Xβ,ζ .

Obβ is a T̃ × C∗q-equivariant vector bundle over Xβ,ζ .
Let X ◦β,ζ = [V ◦β /G ] ⊂ Xβ,ζ = [V ss

β (ζ)/G ] is the open substack
such that the evaluation at ∞ is defined:

ev∞ : X ◦β,ζ −→ Xζ,v(β), ιβ→v(β) : Fβ,ζ := (X ◦β,ζ)C
∗
q ↪→ Xζ,v(β).

Nvir
β = ι∗β→v(β)Ñ

vir
β where Ñvir

β ∈ KC∗q×T̃
(Xζ,v(β)).

Fix β and let v = v(β). X = Fβ,ζ is the zero locus of a regular

section βU of a T̃ -equivariant vector bundle BU on U = Xζ,v .

−wU = −wζ,v(β) = 〈αU, βU〉

for some αU ∈ Γ(U,B∨U). Then Kβ = {αU, βU} is a Kozual matrix
factorization of (Xζ,v ,−wζ,v ). If wζ,v = 0 (which is true when Xζ,v
is compact, i.e. when v is “narrow”) then αU = 0 and
Kβ = ιβ→v∗OFβ,ζ is the Kozual complex.
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I -functions

For each effective class β ∈ Kζ , define

Fw
β := tdch

Xζ,v
Zζ,v (Kβ) ∈ Heven

Zζ,v

(
Xζ,v , (Ω•Xζ,v ,−dwζ,v )

)
F T̃
β = e

T̃
(BU) ∈ H∗

T̃
(Xζ,v ).

The GLSM I -function of (V ,G ,C∗R ,W , ζ) is

Iw (y , z) =
∑
v∈Bζ

Iw ,v , Iw ,v = (...)
∑
β∈Kζ
v(β)=v

yβ
1

eC∗q (Ñvir
β )

Fw
β

The T̃ -equivariant I -function of (V ,G ,C∗R , 0, ζ) is

I
T̃

(y , z) =
∑
v∈Bζ

I
T̃ ,v

, I
T̃ ,v

= (...)
∑
β∈Kζ
v(β)=v

yβ
1

eC∗q×T̃
(Ñvir

β )
F T̃
β
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Central charges
Given B ∈ MF (Xζ ,w), [B] ∈ K (MF (Xζ ,w)), define

GLSM central charge Zw ([B]) = 〈Iw , Γ̂wchw ([B])〉

where Γ̂wchw ∈
⊕
v∈Bζ

Hw ,v ⊗C C((z−1)),

Hw ,v = H∗
(
Xζ,v , (Ω•Xζ,v , dwζ,v )

)
∼= H∗(Xζ,v ,w∞ζ,v ;C).

Γ̂w analogue of Iritani’s Γ-class
chw ([B]) defined by Choa-Kim-Sreedhar.

Given B ∈ Coh
T̃

(Xζ), [B] ∈ K
T̃

(Xζ), define

T̃ -equivariant central charge

Z
T̃

([B]) = 〈I
T̃
, Γ̂

T̃
ch

T̃
([B])〉 =

∑
I∈Amin

ζ

Z I
T̃

([B])

where Γ̂
T̃
ch

T̃
([B]) ∈

⊕
v∈Bζ

H∗
T̃

(Xζ,v )⊗R
T̃
R
T̃

((z−1)),

R
T̃

= H∗
T̃

(•) = C[λ1, . . . , λn+κ].
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3. Coulomb branch
Hori-Romo 2013 (Sugishita-Terashima, Honda-Okuda)

Consider an abelian GLSM (V ,G ,C∗R ,W , ζ) where
G ' (C∗)κ ⊂ SL(V ) (Calabi-Yau)
θ = ζ + 2π

√
−1B ∈ L∨C complexified/stringy Kähler class

ζ = (extended) Kähler class, B = B-field
α = (α1, . . . , αn+κ) ∈ Rn+κ, δ ∈ LR, 〈Di , δ〉+ αi > 0 for
1 ≤ i ≤ n + κ
Given [B] ∈ K

T̃
([V /G ]), define the

(α-perturbed) hemisphere partition function

ZD2([B]) =
1

(2π
√
−1)κ

∫
δ+
√
−1LR

dσΓ(σ)ch[B](σ)e〈θ,σ〉

where Γ(σ) =
n+κ∏
i=1

Γ(〈Di , σ〉+αi ), and

ch[B](σ) =
∑
t∈L∨

cte
2π
√
−1〈t,σ〉 if [B] =

∑
t∈L∨

ctLt ∈ K
T̃

([V /G ]), ct ∈ R
T̃
.
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ZD2([B]) is a multidimensional inverse Mellin transform of
Γ(σ)ch[B](σ)

(R-wall-crossing)

{
αi → 0 : without superpotential

αi → qi/2 : with superpotential

Proposition

There is an open subset U ⊂ L∨R such that

ZD2(Lt) =
1

(2π
√
−1)κ

∫
δ+
√
−1LR

dσΓ(σ)e〈θ+2π
√
−1t,σ〉

is analytic in θ on {θ = ζ + 2π
√
−1B | ζ ∈ L∨R,B + t ∈ U}.

More precisely,

|〈B + t, σ〉| < 1

4

n+κ∑
i=1

|〈Di , σ〉| for all σ ∈ LR \ {0}.
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Theorem 1 (Aleshkin-L)
Let C be a phase of the GLSM, and let ζ0 ∈ C .
⇒ C =

⋂
I∈Amin

ζ0

∠I ⊂ L∨R where ∠I = {
∑
i∈I

aiDi | ai ∈ (0,+∞)}.

Then there is an open subset UC =
⋂

I∈Amin
ζ0

UI ⊂ L∨R where

UI = {
∑
i∈I

aiDi | ai ∈ (Ni ,+∞)} (Ni � 0) = shifted ∠I

such that if ζ ∈ UC then ZD2(Lt) =
∑

I∈Amin
ζ0

Z I (Lt), where

Z I (Lt) =
1

|GI |
∑

m∈(Z≥0)I

∏
ī∈Ī

Γ (〈Di , σm〉+ αi )
∏
i∈I

(−1)mi

mi !
e〈θ+2π

√
−1t,σm〉

σm = −
∑
i∈I

(mi + αi )D
∗I
i where {D∗Ii : i ∈ I} is a basis of LQ

dual to the basis {Di : i ∈ I} of L∨Q. The infinite series Z I (Lt)
converges absolutely and uniformally on
{θ = ζ + 2π

√
−1B : ζ ∈ UI ,B ∈ L∨R}.
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Moreover, we have the following Higgs-Coulomb correspondence

ZD2([B])
∣∣∣
θ=−

∑κ
a=1(log ya)ξa, αi=λj+

qi
2

= Z
T̃

([B])
∣∣∣
z=1

.

where {ξ1, . . . , ξκ} is an integral basis of L∨ and 1 ≤ i ≤ n + κ.
cf. Knapp-Romo-Scheidegger 2020

Proof by careful manipulation of κ-dimensional cycles and
convergence checks of integrals

∫
and series

∑
.

ZD2(Lt) =

∫
Rκ

(· · · ) =
∑
A1

∑
m∈Z≥0

∫
S1×Rκ−1

(· · · ) = · · ·

=
∑
A`

∑
m∈(Z≥0)`

∫
(S1)`×Rκ−`

(· · · ) = · · · =
∑
Aκ

∑
m∈(Z≥0)κ

∫
(S1)κ

(· · · )︸ ︷︷ ︸
κ-dimensional residue

A1, . . . ,Aκ = Amin
ζ0

are finite sets.

Up to translation, Rκ−` ⊂
√
−1LR.

Use the Calabi-Yau condition.
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4. Wall-Crossing
abelian GLSMs without superpotentials:

Borisov-Horja “Mellin-Barnes integrals as Fourier-Mukai transforms”

Coates-Iritani-Jiang “The Crepant Transformation Conjecture for
Toric Complete Intersections.”

Let C+, C− be two adjacent chambers in L∨R = space of stability
conditions. Then C̄± are κ-dimensional cones in the secondary fan,
and the (κ− 1)-dimensional cone C̄+ ∩ C̄− is contained in the
hyperplane (h⊥)R := {ζ ∈ L∨R | 〈ζ, h〉 = 0} for some primitive
h ∈ L.
Let ζ± ∈ C±, X± := Xζ± . Then

C± =
⋂

I∈Amin
ζ±

∠I , Amin
ζ± = Aess

± ∪ Anoness︸ ︷︷ ︸
Amin
ζ+
∩Amin

ζ−

{1, . . . , n + κ} = I+ ∪ I− ∪ I0, where
I+
I−
I0

= {i | 〈Di , h〉
>
<
=

0}

Aess
± = {{i} ∪ J | i ∈ I±, J ∈ A0}, J ∈ A0 ⇒ J ⊂ I0, |J| = κ− 1.
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Theorem 2 (Aleshkin-L)
In the setting above, if t ∈ L∨ satisfies the Grade Restriction Rule

|〈B + t, h〉| < 1

4

n+κ∑
i=1

|〈Di , h〉| =
1

2
η

where η =
∑

i∈I+〈Di , h〉 =
∑

i∈I−〈Di ,−h〉. Then there exists an
open subset U ⊂ UC± such that for ζ ∈ U

ZD2(Lt)± =
∑
J∈A0

Z ess
J (Lt) +

∑
I∈Anoness

ZI (Lt)

Z ess
J (Lt) is an explicit series of integrals over (S1)κ−1 × R.

ZI (Lt) converges uniformly and absolutely for ζ ∈ UI ⊃ UC± .



22/22

The Grade Restriction Rule (GRR) 〈B + t, h〉 ∈ (−η
2
,
η

2
)

defines equivalences

GR :

Db(X+) −→ Db(X−)
Db
T (X+) −→ Db

T (X−)
Db
T̃

(X+) −→ Db
T̃

(X−)

D(MF (X+,w)) −→ D(MF (X−,w))

Herbst-Hori-Page GRR

Kawamata FM : Db(X+)
'−→ Db(X−) (Fourier-Mukai)

Coates-Iritani-Jiang-Segal GR = FM : Db
T (X+)

'−→ Db
T (X−)

(Grade Restriction Rule = Fourier-Mukai)
Ballard-Favero-Katzarkov, Halpern-Leistner

Baranovsky-Pecharich, ...

Theorem 2 ⇒ ZD2([B])+ and ZD2(GR[B])− are related by analytic
continuation. GR→ symplectic transform
Future work: discrepant transformation, general G .


