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What do 1dg ) categories symplectic form ?
↳hifted) tnfldsIn -)

i

- - .

And what does this imply ?

A) Cdg ) categories form .

:

A 2-category with a trace functor
[ In what gene

?
. .

]

2- category : kith a trace functor
Fo

•

a
•→f•

;TaBA B F•%
f- , A A ho

obj thorp . 2- morph . fo
- .ñÑÑcg.wpos.li?s:- to

90
. -
• -
£
-<→A-¥:÷NÉw a -
t b

f,
% h

, f, Si h
' •g

B B

"

upto homotopy
"

- in what sense?
Bataan /Tamasha :

Formalism of 2-operads_



0 -
- ) C- obfe) @ = compx

,
. .

(C. ☒ )
Operations : asif

dad cc⇒)
⑦ ④ ⑦0tEr→)%↳ , "⇒→ctfu)

and the way of composing them .

Tamarkin :

(what dodgcat form)?
Kofibrant replacement
of) the constant Lapd

acts-ni.9raphlBA.I.FI?f-r-pRHom*-Bg-BfB )
A•f→•B A•i€•B É•( A ,fBs)

•

A morphism g
algebra Hochschild wchaihcph

Recently ,
Bultman: ( similar / related version

of 2- operates )
(Magno) •MIh2 Liz
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,
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G-orwef.hu
rally , Fnklm)

a souse sort of
modules over the

quantized fns on
M

. . .

fuicoobcal methods in sympl . geom .)



Idea: PC - -8)
t '

k Gnst2-op@

P(€t¥E) = FM, compactification of
1¥41:}

06

Rottmann's realisation of this idea :
2- associatedra

For Alg : from what actually
acts or C. (A. B) etc.

,

heed go

to recognition principles ,

etc
.

But sywplmflds : I - associate.

actually parametrize holomorphic
curves

,
etc

. !



① Algebras forma (strict) category
in • categories .

f

A

•f-• •Tooo @ (Afg)•

A B
t f

alg
'

form a dog categoryBLAB)
Now : 11 C.

•

(A. B)

Bar C. (AB) dgcocategory

maize : Blt , B)⑧BIB ,
c)→ BCA

, c)
dog functor ; associative .

• (Gettler- Jones )Gerst . - Voronov,, . .How to
pass to

2- categories ( i.e .
categories in categories ) ?

Apply Cobar .



•

•I. B no Cobar Bar @
• CAB)→~CTAB)

weakens 2- category structure ( due
to T . Leinster)

.

From Leinster 's b- Bafana /Tamerlan 's

t.to

Joyal - Lurie . . . ~tehg tone , notsure where it is

written
.

addtlocl.se#chans ?

Several ways
to do this

.
The

results somehow diverge .¥
(hyperbolic situation)

"

A-opos-upacnoa3.lt/iuc6,Kakpaku!
( H

.

B.Tororo)

"

the roads crawled away like

crawfish
"

( iv.V.Gogol)
.



Adding Hochschild charms
,
?⃝

Thetracefor-
As above : ;?F•, → C•(A#g)

EH - C. (AFA)A

Two examples of operations :

f
f CTA , g. Ag) @ C. (t.gl/→ C. ftp.t )

A
.oA→Ñ rqlaoso -②a) = -196*-9%-090-09'

a-
-→

A

-Ñ ME C. (A ,gfA/→ C. (By;)
A-
-
- -

E- →A 95-9=>8

aoeo-•autsflaol -8 -⑦flat

Thy CT .

-
Wei) ( ENT]

, cyclic homology ;
R

.
Wei 's thesis)

Algebras form a category in cocategs
with a trace functor in the following
sense ,



a) As above : A , B → dgcocat BCA , B)

b) MAB, : BIA , B) ④ BCB , c) → Blt , c)

strictly associative
.

c) A → TRCA) dog conned over BCA.tt

d) A ,B→ TAB : MAIA TRIA)→~mB*ABTRlB)
BIA

,B)④ BIB .tl

NABA/ ↳BAB

B. (AA) B. (B.B)

e) For
any

A ,
B

,
C :

BCA
,
B) ⑦ BCB ,

c)⑧ Bcc
,
Al

TMABCA £ MBCABt ↳CABC

B. (A.A) BIB
,
B) BCC

, c)

homotopy btw
id and

" 1-3
" which

are two endomorphisms of MA*BcATRlA) .
No higher

The homotopy is central in all poss.ways . homots



Remarks .

①The operations that arise

on Hochschild chair complexes
are obtained from the above

as follows :

ly :C .

1A
,
A) → C.

- , , ,
(AA)

from
'

e) ;

4 : C. ( A. A / → C.
- men ,

/AA )

from d) ;
B : C. (A)→ C.

+ , (A)

from e)

Seems significant that the
existence of the cyclic ( NC DR)differential is due to non- strictness

.



②Not sure how to relate this

to a Bataan -Tauiarknlloltaian)
approach with a

version

of a d- operand that describes

operations

mi
•auto
-Munro

f , S
,

h
,

g
9

and

t
h¥*?¥¥¥a÷ . .EE?#h*AI!a



Adding Hochschild chains,② :

Twisted tetramodule
.

It may be more natural to

consider more general Hochschild
chains f

1- •I:B C. 1A, B)
ff

g

There is a
nontrivial algebraic

structure on ;TE•p , •€•BA-

Two types of operations :
go to 50

go

① Baye to s[|②ANÉ BIC
→

A

④ s ,
+ •→TV

%
.

A B
f , Si

fi



In ENT ] :

AFF-B-C.CA#g);A%fBt.GlAyg)
g g

form "

a twisted binodule over

a category in cocategooes
"

T-orexample-r.Barc.CA ,
A) is a bialy

cm fact a Hopf alg )

Consider Ca bit formally) a duad
bialgebra V.

A tetramodule-CB.shoikh.tl :
A bi algebra structure on U④eM

{10 .

M is a V bicomodule ;
I. e- :

v④µ⑦.V→M

morphism of bicowodules .



What we get is a twisted
tetramodule :

V - binodule M ;

M -0s U④h⑦U+

U and Ut are both U but

with different bicowodule
structures : on

the left . via

☐ on U ; on the right , via

☐ + the antipode S on U .

Where else does such

a structure appear ?
What

do we get if we pass from g
Hopf algebra to a Poisson -

lie grp .



Adding Hochschild chains
,

Applying the functor cc:L )
Recall from ① :

dog functors of
dg coalgebras

BCA
. B) É BGB , c) →Blt, Cl

and also :

BLA
, B) ④ Bar (A) → Bar 43 )

all associative

(where BIA
, B) = Bar C. (AB ))

Apply to that the functor
cc:-(-) : Coalgs → Cplxs

(cc: - cyclic @ chain complex of
a G- algebra /

category )



This ( I. Jones ; Quillen ; [ Feign-T ] )

cc :-(Barkha C. (c)

⇐ (Barlett CC
.

-

(c)
( Kosh duality preserves Hochschild,
intertwines cyclic with negative
cyclic]

.

Corollary : we get an As category
objets : algebras 1- over Lay :

Morphisms: CC :( C. • CAB ))
its red

.
modu :

C. ( C. (AB )) *
OI , strick frication :

CC :# (Bar (C. ( A. BD



Kd : Aa ( resp . dg ) functor
This is tiedfam it to Cplxs :

KhalKhali 's
A→ CC

.

-

(A) / idea for
studying

Renard Applying C. to they operations÷
I - category of symplectic manifolds

figures prominently in Rottman ,

relates to symplectic cohomology
SH?

Application of③ : rigidity and
Gettler 's Gauss - Mann connection

.

Construction :

g.* = C.
" (AA)

,

ii. karst



Vlog ;) → Bar C. (A. A) G- daily

morphism of dog bialgebras
From ' let :

• CC :-(Vlog;D is auto algebra
•

"

cc :# (Bar IAM a cc :(A)[ is an A , module .

cyclic cohomology of Vlog;)
viewed as a @ algebra .

Cc :-(Vlog)) Casanas - alg)
is computed in [NT] for any
dog lie algebra g. .

More about this : i in the

end of these notes
.



Pictures
A Ri

Bi Az
•A2

T.fi for B.gg/?B2f-"
Ay→ Be Tf-12

I ¥A3
BztC•(§Ai¥B;)

Conjecture
a) notion similar to

Bataan

for Bettman) 2- operad :

- - É*¥=É
Those

should be acted
upon by 1K



aworegewral-stru.t.me :

A'
• •

Bz

A~
is %¥§BsIfa Bigg

;FÉAz
ftp./A3yfZZBz2n-gons

.

CHA . ☒ Bj?

¥f?±÷A→µ >twoxj-d-h.im?-strres.-#-.
4. you ✗ 4-gon

Az Bz , As
I

- If
'? 6-gon

A→q¥
"

↳
Are



There are also brace - like

operations 4-

%ÉEoÉFyB"%AIB
,
Az Ag
t

a-v7

#
They are homotopies between

¥7t.tw?i-II



Applying them at all possible

pains of vertices , we get
the Kontsevich - Hasso poulos
bracket

.

When all Ai , Bi = -1

and all fij -- ida ,

we get

operations on C. (1-9.1-0)
where ✗ : A- •

"

2 is the

cyclic shift f which is an

algebra isomorphism) .



MC elements for the KV
bracket are pre

- CY

structures .

¥0: including Hochschild

chains C. (① Aj , # Bja
What is the structure on

chains andcocha.ms?Note:-C.lA9I-•")
21

C. (AA )

(not so for cocharrs ) .



PII : there is
"

theTate

diagonal ! or Frobenius .

The structure should

incorporate both
Frobenius and KV

bracket .



Operations on

Hochschild complexes

and rigidity /
Getter - GM /

NC crystalline
complexes

(UN iami
,

March
' 22)



Recent: operations on Hochschild
and cyclic complexes .

Ass#algebra A me
1) Hochschild complex @ •

(A)
, b)

2) Negative cyclic complex

cc
.

- (A) ,b+uB

CC
.

-

(A) = C. (A) Full
and also

CC.CA ) ,b+uB

CC
.
(A) = C. (A) Kudla C. (A) Eid

cc :'(A) = C. (A) EAD

Really , for a dog co algebra B :

C:(B) , cc:(B) using -01 instead

of IT in defs



www.tion/re1aliontoHodgeThy:-
When A is commutative / k

,

Qck:_
HKR : C. (A) → NAH

,
"

1-
☒ • +1 ①
v

ao • - - -

•an↳
ao
da

,
-
dan

b with 0Intertwines
pg with DDR

Is a quasi
- isom for C. ,

CC .

,

etc
.

when A is regular .

Cc
.

- (A) IN;%EuD
b+uB Otudpp



•÷:!t÷÷¥÷÷:*
C. (A)A) = 1-6%11-0 ; A) or :c :c "

'

f
,
] = [1)Gerst

makes C
" '

(A. A) a dglao④
This CNT ]

cc:(Ely ;D is an A- algebra

cc :(A) is an
A
,
module

CÑ is an augmentation ideal ; the

A- alg structure md.by Ñ•Ñ→Ñ ) .

mutt

ofhers n
A
= Der (A)

H°lg; ,
8) = 0-HAYoer.nlA)



E. MECHA ,A ) m :A*→A

Mla ,
b) = a * b

%)'" in the graded
case

[ A ,MJ=0 ⇐ * associative

Cif no 2- torsion)

In particular :/
mla

,
b) = ab

f.)
' at

8 = [m ,
.]

Also : g;
acts on

C. (A)
cc

.

-

(A) . .
.

9↳Lq
in b=Lm
JI B independent on

Mutt
.



Geom
.

motivation :

Alte commutative
,
k > Q :

HKR
A:A0erCA )→ C. (AA)

a- or

A 7-a-
a ;

-A
"

Deroo)# ^ - - ^ .Xn-

→ 2+-1 ! % ,

"
- - udsn

CD.ir . - vD←)(ai , - ^

.eu/---Os,lai)---Dsnlan1Th-mQuasi-isom
when A regular.

Nite ? 1T¥ Der IA)
,

8--0 itself
a dgla .



This ZIKR intertwines lie

alg structures on HH.lt )
"

tiles

and Now IA) (easy ) .

HKR can be extended to

an ↳ qvis of dgla

4T¥ Der IA ) > 0 , →

of
.

A

( kout-esas.ch Formality ,

'971
.

So : morally ,
C. (A) is

he forms ; CC .

-

(A)
,
etc

.

no DR ;

C. It
, A) no multi vectors

.



fromopeoat-onstoy-ri-id.ly⑥ thecalculation-C.E.lu/g#
start with the Hochschild cplx

C :(Ulgl) .

There are two

dg subalgebra s : Ulg) and CobarÑlgl.
Their cross product is€É (Ugl ) .

Explicitly : the algebra is

generated by : ✗ Eg ; (a) c- Tcg)

Retains : [ X
,
Cal]=([X,a]) :

✗ Y - Y ✗ = IX. 43g
Differential : 20bar : ✗↳ o ;

(a)→ I G)
'a'"Ka" )) . /akl)

when log ,8) dgla ,
total diff : 8 -120bar



cc :-( Ucgl) is a deformation of
that :

Generators : X
, (a) as above ;

iecentral

Eiffel : 8 -150bar,_uB

B : (a)↳ a ; ✗ ↳ 0

We use the notation ( for a

dgla (g.d) :

C :-( vlogDX vlog )KobarÑlyD
cc:( uigD~_ Ulg)¥cobarlÑlgDEuI



② or = f. R 1121=2

Abelian dgla
Find an element ✗ = ✗ IR ) of

degree 1 in

uioelkcobarulor Gcc :-(Ulan) -4-1)
1*1zabar ✗ + ✗

'

= - R

Ker :
i) Notion : for a series

in 2 variables
•

5- CRY)= I ✗
n
IR) . y

"

n = I

put free gem .

✗FIR)= ✗n'R) -CRIT in Cobar



i :

xp ( R) satisfies (*) when

A a-n

Fly,R)= -⇐ t.yly-RI.li/-1n-iR)
② This allows to straighten
"connections with small curvature

"

:

If DEC:(g)
1

and DER

then
( ☐ + ✗ CRIP = 0

Application :S
e) Gettler 's Gauss - Klamm

2) Nc crystalline complex .



b) S a scheme

Jd 0g- algebra ☐
w

Assume the 0g - mod A has a
connecticut

Cnet flat ; mzt as an algebra) .

OER C- 524s
,
Ed A)

A

Tim c- RYS ,{AKA} )
A

D= Pm +Reals > y;)
A

7
bundle of dgla

Rani $-1b + uB + ✗ (R)

(the action oftÉtf
SECS

,

CC:( Ucg;D) on CC ?
"



is a flat superannuation , i. e.

%µ=¥ + w
a

R•( S
,
End CCPEYA ))

•

0s

a
d) to an algebra over Fp .

Assume : A a 2- modules

A-1pA →~Ao .
lift the product a Ao

to a bilinear (not associative

product on A. m :A&→A

Mola ,
b) = ab Ano : AE-Ao



zfm.ru]=:R Rla
, b. c) =

= tnlmlqbl , c) - Mla ,
Mlb,d)

RECTA ,A )

(A viewed as an alg with

0 product)

bm+uB+xCR) well-defined

on CC.fr/A5Tp-adie
completion

2

( bm+uB -1 ✗
( RD -_ 0

Note:_ when m is associative
,

get cc.fr ( lifting of Ao)
Independence on lifting ( or on

Da in GGM case) : along the same lines
.



More precisely :
An functor

7g . @- {Complexes over}
Ip

( resp .

over f)
.

C : objects = liftngs m of

Mo to A

creep .

connections on the 0s -

module Is)
.

Morpheus : unique morphism for

any two objects .

m- (cc :-(AY , bmtuB)
p- DIS .cc?lAsD,Em
A



TheD-moduleanahgy-G.vn✗ f- AH
,
a parameter pi

and a DX- module all ,
consider two DX Es]- modules :

a) e-
"
h.tl -1h"] . So

Iformals acts by - ph?h '

noisy

b) fs-tk.de -1s ] .se

When f- is invertible ,
there is a

morphism
e-
"! µ -11-18 . → f

" ><

his ] -8,

e- flh.HN?m.8oi-ssCs-p)...ls-en-ip).fs?mE



or , formally : putting s=Y/h
, f- Rlh :

8.↳ [ hi
"

I. Yly
-R) . . .ly- In- 1)R) -f

? I
h=O

= ( 1.+F)
"R

. fss,

In the language of direct images :

i : ✗ → ✗✗ AT
se ra t

1-
* (✗✗A) 1) :

se
t

3 T

é*M I hit] = e-
f? µ -11h ]

T - th


