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Definition: A conformal field theory
IS a table of integrals.

- Brian Greene
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Phiiops D) Prancesco A conformal held theory 1s a
list of operators (states) and

F(':(il(llf’?;mal their correlation functions
-2 CoRY (many determined by scaling
dimensions).
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“The shell game that we play ... is technically called
‘renormalization’. But no matter how clever the word, it
is still what I would call a dippy process! Having to resort
to such hocus-pocus has prevented us from proving that
the theory of quantum electrodynamics is mathematically
self-consistent. It's surprising that the theory still
hasn't been proved self-consistent one way or the other
by now; I suspect that renormalization is not
mathematically legitimate.”

Richard Feynman (1985)
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Exact Five-Loop Renormalization Group
Functions of ¢*-Theory with O(N)-Symmetric

N<N

Ising

J

and Cubic Interactions.

H. Kleinert and V. Schulte-Frohlinde
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Figure 1: The Stability of the fixed points in the ¢*-theory with O(N)-symmetric and
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cubic coupling for N < N. and N > N.. Our results are compatible with N. = 3.
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Figure 3.12: Two possible phase flows for the rabbits vs. sheep model of eqs. 3.61.
Left panel: k> r > k' ~'. Right panel: k <r < k.

t=x(r—z—ky)
y=y(l—-y—Kkz)
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* New techniques:

Conley index Bifurcations

* New predictions:
3d O(N) model
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Heteroclinic Bifurcation
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What's
inside the
LI “black box" ?
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u-theorem:

where (1) :

w(Tuv) > p(Tr)




u-theorem: p(Tuv) > (Tir)

where (1) := #{% < A; < d}

cf. C-theorem C(Tyv) > C(Tir)



w(T) = #{5* <A < d} /

3-state Potts model
U=3,c=4/5

N\

Tricritical Ising model

/ u=2,c=7/10

Ising model , ,
=], e=1j2 W"wwe»

d=2: 0<A; <2



Spectrum of 2d /N = 2 superconformal field theory:

(A;) 0<A; <2
A; = R;
“scaling dimensions” “R-charges”

a.k.a. “conformal dimensions”

Central charge of /N =2 Landau-Ginzburg model:

c=3 Z(l — R;)
WO ®,) = X (9;)



Axn N =2 minimal model A _+

el o
6 b I “ *
= 3 N+1 + : 4
{{; : £ :t f-
Ai= - i—1,...N Loyt
N_|_ 1 “ £l ’F& - '
can be described as a LG model with the superpotential
W =g+
N4+1\ _ 1 2 N
cf. sp(x )_{N+1’N+1""’_N+1}

chiral ring: Clz]/dW = H*(CPN—1)
SU(N)

1s the classical cohomology ring of cpN-1 = U(N — 1)



An N =2 minimal model = N =2 Kazama-Suzuki
coset model

4

» 9 4

b ob i SU(N)

N N N R SU(N —1) x U(1)
[} 4 4

peoRes at level 1

- ' ifg@ ] f”

N =2 Kazama-Suzuki model
SU(N)

SUN — k) x SUR) x ) 2tlevell

3k(N—k)
N+1




N = 2 Kazama-Suzuki model

SU(N)
SU(N — k) x SU(k) x U(1)

W=z +a 4 4t

expressed as a polynomial 1in the elementary symmetric

functions
Ly = O-i(xla ‘s 3 737/6)
e.g.
W (1, z2) = 2% + 23 W (z1,22) = 2% — 229

zZ1 = T1 + X9
22 = T1X2



chiral ring (Jacobi ring / Milnor algebra):
Clzi]
{OiW }

1s the classical cohomology ring of the Grassmannian

= H*(Gr(k,N))

cf. Thom-Sebastiani sum: 1 2 3 2 1
2 3 4 5 6

i 4 1 4 1

2334445056

4 4y _ J&£# 99312400060

e+ = {3 3311173

and similarly for other Brieskorn-Pham singularties.



chiral ring (Jacobi ring / Milnor algebra):
Clzi]
{OiW }

1s the classical cohomology ring of the Grassmannian

= H*(Gr(k,N))

ct. Thom-Sebastiani sum: 1 2 3 21
> 3 4 5 6

o 4 o) — 23344455 6
P A N L R

Note: sp(W) C (0,k) whle 0<A; <2



Definition: An invariant I of a singularity is semi-continuous
if for each adjacency f ~» g1 + g2 + ...+ gn one has

N
I(f) 2;1(81')

Definition: A subset S C R is called a semi-continuity set if

- E ¥

5 ,
) i

#S Nsp(f) is semi-continuous.

Theorem: ;
(A. Varchenko, 1983):if f is quasi-homogeneous then each
open interval (a,a + 1) is a semi-continuity set.

(]. Steenbrink, 1985): for general f each interval (a,a + 1]
1s semi-continuity set.



Spectra of walls in KS models

LGy LGy, ® LGy,

k1,k2 k
Ik —

Matrix factorization

LGy: W=a7 Tt +ayth+. . +ap ™!



Quantum groups and KS models

K K

k k1,ka _ k
Ifﬂ,kz * Ik: = K ke = {[ Ki ]}

arXiv: 1507.06318



Ki-1 Ko+1 K,+1 K,-1

gkhkiz - Fkl,kz =

k1 kg k1 k2
ko kg 1= (Idkl—l ®If,2k_|2—1) (11511—1’1 & Idkz)

fkl,]@ = (I;;ll,_'l_l R Idkg—l) % (Idkl ®I]i;/€2—1)

arXiv: 1507.06318

%*



Categorification of Quantum Groups

&fl-i-l,k?z—l o ]:kl,kz = Fk1—1,k2+1 u glﬂ,kz D Idkl,kg{[kQ — kl]}
and, similarly, for k; > ko

}—k1—1,/€2+1 * gk?l,/fz = 8k1+1,l€2—1 * f/ﬂ,/@ N> Idkl:kQ{[kl — kQ]}

arXiv: 1507.06318



f

singularity
LG model sigma-model
W=ty f=0 {A}

Also a product of /N'=2

minimal models and
Kazama-Suzuki models!

SL(2) _
T X LG(W = f)



BPS I

\
UV ’

spectral sequence

BPS
Hir

Categorification of semicontinuity?

T

Uuv




‘Thanks for listening.

Questions?



Coset theory c Degrees of generators
SU(n + m) 3nm _
1,2....min(n, m)
SU(n) ® SU(m) ® U(1) m+n+1
SO(n + 2) 3n 1 n/2
so(myeu() " v n+ 1 7
SO(2n) 3n(n—-1) o i=1,..., n/2 (n even)
I — <,
SU(n) @ U(1) 2(2n-2+1) i=1,...,(n—=1)/2 (n odd)
E, 48
—_— 1,4
SO(10) ® U(1) 13
E, 81
— 1,5,9
E, ® U(1) 19

e.8. SO(n + 2)/SO(n) X SO2):

W=x""14 xx

D,, 12 minimal model

W.Lerche, C.Vafa, N.P.Warner
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