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What should be a homological Mirror symmetry over Ay ?

A() — {Z CLZ'T)\?:

A its field of fractions

Ag = {ZaiTAi € Ao | i € @}

a; € C,\; € (0,00),lim \; = +<><>}



Let us start with a few things in B-side

X — specC||T]

a formal deformation

special fiber may be singular  general fiber is assumed to be smooth

X, — spec(C[[Tl/”]] n-fold branched cover

Let &; be a chain complex of coherent sheaves over X,, for i=1,2.



Let &; be achain complex of coherent sheaves over X,, for i=1,2.

Wesay d(&1,E) <e€ if there exists m such that

Et

C g<m> o / g(m) Q J ¢

tot +ds = T¢d Xnm — Xn
t' ot +ds’ = T¢d
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lim OB(ID(X,,)) isametric space with respect to this metric.

nN—r OO

Its completion seems to be related to a version of Berkovich spectra.

| want to study its Mirror’



(X,w) Symplectic manifold

H:X x[0,1] — Hi(z) = H(x, t)

X3, Hamiltonian vector field of H;

w(V, %Ht) — d%t(V)

o5, X — X is defined by 908{(:1;) = X

d
dt

Ham(X) :={p3, | H: X x[0,1] —

— @ = Xy, 0 —

d
dt

'} group of Hamiltonian diffeo.



Hofer metric on Ham(X)

1
H:X x|0,1] — |H|| := / (sup H — inf H;)dt
0

p € Ham(X)  |lo| = inf{|H[| | ¢3 = ¢}

Definition dHOf(ga,w) — \W_l%@H

This defines a metricon Ham(X) (Hofer)

dnot(p, ) =0 = © =1 is highly nontrivial



Chekanov metric on LAG(X)

LAG(X) the space of all Lagrangian submanifolds L C X

L, L' € LAG(X)

do(L, L") == inf{||p|| | p € Ham(X), (L) = L'}
dgco(L, L") € [0, 00]
dyco isametricon LAG(X) (Chekanov)

LAG(X) completion of LAG(X) with respectto dpc



Homological Mirror symmetry conjecture / Ag

If a mirror of (X,w)is X — specC||T’|| then:

(1) LAG(X) C completion of lim OB(D(X,,))

\ n—7 oo

(more precisely we need to include bounding cochain)

(2) (1) is an object part of a homotopy equivalence of filtered

A Infinity category to a full subcategory.



Theorem

. C LAG(X) aseparable subset.

There is a filtered A infinity category §(IL.) whose object set is

{(L,b) | L € L,b its bounding cochain}
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(Y Robustness of Morse homology

P

|f — f€|C’O < €
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[ — felco <€ * Morse homology of f is close to the

Morse homology of f.

CF(f;Mo) = @ Aolp]

peCrit(f)

Op) = » TIW= T DuM(p,q)lg) M, q)

gradient lines joining p to q.
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p
/
A A X €
Y
! q
/ f.
H(CF(fiAo),0) = 2%~ H(CF(f.; Ao),d) = —0_ g o
TAA, € ’ TA Ny — TeAg

Morse homology of [ is close to the Morse homology of f.
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A similar story for Lagrangian Floer theory.

L,L' e LAG(X) transversal

Ao
HF((L L' b"); Ag) =
(( 7b)7( 7b)7 0) @T‘”AQ

()

a; € |0, o0 ap > as > as. ..

kak:()

We write the right hand side Aq(a)
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A similar story for Lagrangian Floer theory.

Theorem (FOOO 2009)

HF(<L7 b)v (Lla b/)§ AO) — AO(J) *

HF((SO(L% p+b), (Lla b/)ﬂ\o) — Ao( )

a; — b;| < |||

Lagrangian Floer homology depends continuously on Hofer-Chekanov
metric.

A similar results by Albers, Usher, Polterovich etc. and Biran-Cornea
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Lagrangian Floer homology depends continuously on Hofer-Chekanov
metric.

Filtered A infinity category depends continuously on Hofer-Chekanov
metric.
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¢ filtered A infinity category

OB (¢) Set of objects

c,c € OB(C

* &(c,¢’) morphism spaces, free A9 module

my, k=1,2,3,... Ainfinity operations
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B (C) has a pseudo metric d

d(c,c’) < e =

JON - E

:t/

tot +ds = T¢d

t' ot +ds’ = T¢id
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B(C) need to strengthen to dOO
deo(c, ') < € k=1,2,3,.

/\ ,
SkC C \\/ Q

=[71

dtlzdt’lz() t10t/1—|—d51:T€ t/10t1-|-d3/1:T€

S1 Otl —|—t108/1—|—d82:()

sy oty +1t7 081 +ds, =0
a similar relation for higher s’s and t’s
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Theorem (., satisfies the triangle inequality.
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y a finite set of Lagrangian submanifolds.
Two elements are transversal.

§(L) afiltered A infinity category whose objectis (L, b)

L ell b a bounding cochain of L.

Theorem @ € Ham(X) L,po(L) €L

D de((LD), (p(L), 2.b)) < gl
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¢, & filtered A infinity category

Definition
dGH(Q:ly @2) < €

iff there exists a filtered A infinity category ¢ and 3§1, 52

51 52
¢ - ¢ - &

(1) §1,82 are homotopy equivalences to a full subcategory.

(2) dH(D%(Ql),D%(Q:Q)) < €
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dH(D%(Qtl),D%(Q:Q)) < €
Hausdorff distance as subspaces of (OB (&), d.) is < €

namely:

Vp € OB(C) dg € OB(Cy)  doo(p,q) < €

Vg € OB(Cy) dp e OB(C1)  doo(p,q) <€
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Theorem  dgu(€1,€) +dau(€s,€3) > dar (€, C3)

Theorem

Z dar (€, €i1) < < » &; has a limit.

i=1.2,...

The limit is unigue Iin the following sense.

¢ ¢ arelimitsthen dgy (€, ¢") =0
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dau(€,€) =0 implies the following

(1) (OB(C),d) isisometricto (OB(C'),do)
2) If ¢ € OB(C) correspondsto ¢, € OB(C') then
H(&(c1,c2), my) is almost isomorphic to H (€' (¢}, c5), mq)

(3) (2) preserves multiplicative structures Mgk
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H(€(c1,c2), my) is almost isomorphic to H (€' (¢, c5), my)

Forany € > 0

ESOG H(Q(Clch)vml) ] H(Ql(cllacé)vml)

St TEKGI'SOG — O almost injective

Img&e C TGH(Q:/(Cll, C/2>, ml) almost surjective
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Generating Criteria over A

¢ filtered A infinity category

A Infinity Yoneda functor

N ON ¢ . Right Mod ¢

) a finite set of Lagrangian submanifolds.
Two elements are transversal.
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Two elements are transversal.

/

F(L") — F(L U

Definition y

weak generator

,/another such finite set

/')—Right module F(

. afinite set of Lagrangian submanifolds of (X, w)

consider )OMN;

.UL") — Right module §(

isan € weak generator iff

dar (SIL), DO (S(
e =0
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Conjecture  p: HH(F(L)) —» H(X)  open closed map

T°1 € Imp * ., isan € weak generator.
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Example

X = §?

. the set of all great circles contains north pole and south pole.

The image of P : HH(§(L)) — H(X) contains

T7¢1 forany € >0

can be generalized to direct products of §¢ and direct products of L

30



