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1. Motivations from 5YZ and HMS
)/

DE’.‘F: A Smao‘tlft Pro{}ecﬁ\/e \/wfieta, 2 rA B Ca(leo(
Calabi—Yau i€ its cwnonical bw/er Kx is trivial ,

.e. it l'ww 0 nowl'tm Vtmisb\(ng, hol/omorrlnic, \/olumz, {urm.

E‘Awmpl E“tf’nc wu’ve, abelian variety , K3 suwfuce, hvl)elfsuw'{a(,e of
Aexareo, il ([P

Mirror S\(jmme’cr\a oon(yectwml Amahfy between Calabi-Yau varieties.

\/

Anxa o Variet} X e 3 mirror \/ar(ety X

such that @ list of olee[) 8@0de£(_ relnlcio;«s Laou between X and )\é
'mVolving; Hodae structures, Gromov- Witten invariants | lemya_ (Ategan‘es,
derived Category of coherent sheaves, 5YZ torus fibrations, etc.

E)(amr[c-. Hodﬂe numbers hm(X) = hd_P'i()\(/).

In 3-dim e, h'(X) = K(X)= RH(X) -
e =g e
(CGMAQ(M et a[.)




TWO Mnain Uon(}ed’ures (n mirvor s&mmetrg:
SY 2 con(jecture: Strominaw—\(m— Zan(ow oonJ',ectlu’e,
HMS Oon(}ectum: Hom()(naica( mirror samm’m(nl bg Kontsevich

Rougl\ idea of SYZ2 wr\éedwe,:
(1) In certain a;an'\f’rotic sense, the Cir mMifoli X @ o @

5h0u((1 admit a torus fibration clled SYZ fibration 0
Base

@ The mimor (Y manifold % should e constructed
b” first talting the dual torus fibration, and then
moi'n[iea{ us(r\ﬁ SPeciﬁc counts o\c holomor,;hi(. d(sks

calleol instanton Corrections
Rouﬁk idea of HMS wn(}ecture:

X > Fuk(X) F\Akmom Codcegor%
iolo(}ectS: Lagmnafm submanitolds e
morthsms: l’\O[OWIOYFLII'C diks with boundarier on Lagmnafans

A

>V( S CoL\(X) (,aa’ce_gcméL of  cohurent SL\.O.M/UA on X

Then DbFuk(X) a DGh(X)  oftr passing o the derived Categories.



Comloining, SY2 + HMS

i hwn‘s’c(c constiuction of the mirvor Var(efy X

The best illwatration of this idea is for the care of [09 Calabi-Yau varieties,
becamse in this caae, the mirror )\é will be an affine uarfefrg >\2=SI)6(,A.
We call A the mirror a(%ekm, and it suffices to descyibe W}D{ic{telg the

umlerlying vector space o A, and er\l mulﬁf‘/{ca/cfon m(e, le. the structure

constants.

Remcwk: ﬂw, atF@(NL mivror Utm'da( )\2 = SPec A hM nahmz{ comFac‘a‘ﬁca’cions
8i\/&n Lz ProJ of some grow[eot mirror algel)m.

2. Heuristics bekiml ’rlu mirror structwe constants

Se'tuT: Dy Y smooth projective variety /k any field of char 0.

D normal crossm(a]_ divisor

U=
We  have Log p[wri canonical orms HLY, wY(D)@m) € A0 ]

imlefenlm’c of the Oomfac’cificdion.

Def: U is (03 Calobi-Yau if for all m, this SmLsPa(e s one - dimensional,
ond 3enem‘cei 192 2 Voluma form L on U.



EXamPle: D I‘KYI, than U is (,03 (alabi~Yau.
In this care, (Y. D) is called a minimal model of U,

Rem-. IA\H [,03 Ca(aLi—YaM Voxieties Qrise in fl'\is Wﬂg it we a“ow o“‘l: Sin;ularit[es.

Def: A (;oz Calabi-You () han manimal bowa\ara it it has & minimal model
(Y, D) with a O-Aimwsional LO?I Cw/\onical center, ie. a4 0-stratum in the

Vlormo\l (vossi ng_ Can .

( Y, D) toric Vmetg (Cx)
@ i E
(Y D) Y B) D strict transform of D
U=Y\D 0=Y\D

(roal: Construct the mirror variety - Spec A of any affine l"’g Calabi-Yau.
We will constract the mivrer al@ebm A 193 8uwm’cor5 (M moiule) ond. structure

constants.

Rewv: Wi{'lwu’c aﬁﬁmeness, {'|f19. mivror wi“ on(g, be 1£orrnal.

Spec/\
Rem: In ‘Fuc’c, We. wi(l wnstruct a 'Pami(a_ ot mirror varieties L
SFecR



@enerators of A (as R—modu(e) e indered (03, the set
Sk.(0, Z2) = (nteaer paints in the essential ckeleton of U

= 1(0} U {mv l me N,y . »is an essential divisorial valuation on k(U)}

(0
volume form has field of rational
e Fole functions

let R:= Z[NECY, Z)} =1 1 Z ze the monid riné of NE(Y,2Z) over Z .
penE(Y, )

,Z)
= R(SHU ) 3 R Op the free R-module with basis Sk(y, Z).
pe 5k(0,2)

A:

Mu[ﬁP[chtion rule:
Giwen B, -, 0 €5L(0,2), we wite the P/ozluct in the mirror a‘gﬂm A

Op - G = D > e ey

1
O e SL( U,Z) )’éNE(Y. Z) & Structre.  Constants

SYz + HMS ~— tae structure Constants awe suﬁ»oml to be aiuem log the
Counts of fo“owing L\olovVlorFI'\ic (1[5[45 Al

Write P(J =y Jor Al pd' +0.
Assume ench VJ (s 31’(/9/\ Lz, & Con«?ommf D) cD (a(Wags FossiL(L aﬁzr& E(ow»f)



/
(i) 9A maps o a point near Qe Sk(U,Z)

via the SY2 fibration
i) DA hao homolo% class Q€ H,(€iber)
() tlaos of & = 7

st. () A intersects D) with. order m.

In order to make conditions i) (il abowe [)rease, we need to rerlace the SYZ
{‘i\oration by fL\Q VlM—McL\ime(iem SYZ dibmtion .

3, Non- archimedean SYZ  fibration

We €1wLF dwy lwuz ﬁeu k. u/itl/\ Hfm Jcriviakl aLSolui'e Va[ue Il J. — {o, l}
M:I(' for all x € k\O

0 for x=0
Than kb becomws @ non—orchimedian. field !
Berkovich amlatifi wton () —~—— o }(-am@tfc spoce

( almcoaow) to comf(ux amlyﬁc ge,ome’crg)
ge i issa Sc[’w-fl‘\zoreﬁc Fo(v\t }

)

ean  Se€
b el e e e Tl ks
f»ﬁfeml‘-"\az the 3i\/e.r\ one on k.




Uolume form Q on U ~— " .Q”-. UM—" Roo u,?rer semi continuows function
{kain's Kahlwr seminorm

Def: The cheleton of U:  Sk(U) == the maximal [ows of |2 < b

Rem; Sk(u; 2) < SL(U)- Valuaﬁons on W ?W:‘c Poin‘t Onlét

Exam[)'e: (Y, D) Q Sk(V) =~ Aual intersection one comf(uc of D

X

Ber)tol/icl'\, Niuulsa, Xu, e Strong_ Je‘f‘ormak('on retvaction T: Uan—"‘ Sk(U) :
ol opis b tion outsie: eolimt 250 N okimiden o (2 Librition
t(mll;} given bé G SR fa]dng coordinatewise  Valuations.

“
ORORCIGA

‘ aﬂa[bm'c.

<

%

Sk(U)
/ . .’<"P"“l V

Ol

Uw\




Recall = X (P, -, Pn,Q,2) = F disks & in Y

2 st. () D intersects D) with. order m;,

(i) 94O maps > a point near (2 € Sk(U,Z)
via the SY2 fibration

i) 2A how l’lomo[ow class @ € Hy (€iber)

Q) as of A = 7

Now we reformulate conditions i) (i) via the Non-archimadean SYZ £ bration:

{?o[)ical disk & Sk

/a

Q
Ha/uing formlwte(l ‘l‘“\& Pream wno(n‘(ons, we are Vv_ada, to wunt aml;ft;c Aislﬂs
sakisfying thase Conditions

Trouble: The moduli space of such disks is oo dimensjonal.
We must impose fwrthor conditions to cut the dimension down to O,

In Farﬁmlar, we must iw[)om a reaulwr'da condition on the bomfw& oA to
Akscarol most of H'\n, non—archimedear\ ana[ytic o!ksks



Rougl'n idon: The bounalwa 04 lies in the plac of U with affinod torus
ﬁ‘bm}tion, (€ (/Ouxl% isomorf)hic to (G,:,')M — R
We want the maf (A e (G,',‘,,)m to be Sl'mrh_ an FOSSELG..

Aﬁar unalyzing Low-)(rvum,iona[ &cam,zple,s, We Pro’xww +l'12 'Fo”owing Eounolwy
condtion: Sh = (G,:',)M st the 'i’VOfical crve associated tog X3

OPFosite orientation
l a s’cmlght line.

A 5
toric Oomracthcicai'ion
@wmeﬁf(m”a, it means chut We are 31uin<ar f:tuz toric Varietg F R ST e
(»1[01)?I 2 ol doain. G Gt Brivel oltinoide s Eibration

Now we count clomo[ rational  curves C= A %A, i i
SAOA

A — Y satisfies (i)-(v) an before
A= SR, straight fvo?ica[ cwrve.

alm[xom'c disc A

e




5 Pro{)erness of the moduli sFace.

Worrg: The new ‘target s]me, Z = Y“"g TR T Pro(}ed‘iue,, not even
proper, not even sefara)tea{.

How is it ever Poss';ble to Count cwres in SVLLL\ o 5]Dace.7

Ldea: As (”"3 W We can keo.[; the civele A= ANA a,WmOA, Trom thy loounolamo{ of

the domain G, the rest of the awnrve C will nt feol the non—Seramteo{ (ooun
tm 3(@ Z=YMgTM along, G ol 22

More Pfem-”-ly» we fix a marked {)Oint g on the circle A, well ay marked f,o,',,tj

bi where C touches the L)O\MAM& of YUM oFy Ea

Let M(U,B) denote the MOtiuln’» sraw_ S Sheh Sty Z=YMLG/ ™
dom,

Consider  ®: M0, @)( wq’)>VM x G

N
My

Moin theorem: @ is finik étale over an open nu'ﬁlnbor"\ood of Sk(Vmx&).
Tts o{egm Sy ’rkl desirzi count of non- Mcl'bime(ieayl analytic disks
~s styuctwre constant X (P, -, Pn, Q, )

> (ommutetive ohSociakive mirror alaebm A .

FurtLW result: SFec/\ — SPec R s a flat fam:(;’, of Gorenstein Semi (,03,

Comonical Log Calabi- You Varieties , with norma[ and (/03 covnonica( gemric fibers .



b. Ingreolients in the Proo'('l of HUL moin t['lwmm

SMOO’H'L : Vlorl—wrctlimeiean aleformm'ofn Hﬁeora, /oaaaa{ on forta-Y
Finite étale =
relaﬁ\/e, a’.imws;bn iz g[leg, of Uo(ump. form

proper = i tOPo(oaicalla, proper UL formal  model
boumola.ryless: we Tormal  model

In fact, for bowzlanjless, we need to introduce an M/xi{iwy moduli 5)06((0,
M,(U;P) Mldn(ar not only, the circde A=ANA maf to G, but also an
cpen flf\icl(m('ng, o th cicle to mep to G.

Fl'na“g, we wst the 'l'l'\wrba, of skeletal curves o idenﬁ{a, M(U, ) with
M(UB)  over Sk(Umx &).

Georne’m‘c idea. -

Al { need 1o prevent bad branches growing. out: of the
3/ annulws when we pass 193 walls in the skeleton Sk(U)

77 Comipm'son with Pcmdcwrea{ (,03 Gromov- Witten  jnvawriants by ACGS



