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Definition:



Assume Q is negative definite.



Kirby-Neumann moves



• converges in

(WRT, ADO, CGP, Rokhlin, … )

• gives familiar quantum group invariants as

• invariant under Kirby-Neumann moves

• has integer powers and integer coefficients

S.G., D.Pei, P.Putrov, C.Vafa
S.G., C.Manolescu

K.Bringmann, K.Mahlburg, A.Milas

Theorem [GPPV]:

For plumbed 3-manifolds:



ADO, BCGP, 
WRT, ...

Rokhlin

inverse
Turaev 
torsioncorrection terms





Invariants of knots 
and 3-manifolds

Symmetries 
of integrable 
lattice models

Vertex Operator 
Algebras
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q root of 1

Triplet 
log-VOA

at generic
invariants

logarithmic
(non-semisimple)

invariants



Vertex AlgebrasKazhdan-LusztigQuantum groups

Integrable lattice 
models

2d CFT

Yangian symmetry,
Bethe ansatz equation, …

H.Bethe (1931)
:      

A.Zamolodchikov, Al.Zamolodchikov (1979)
A.Zamolodchikov (1989)
Al.Zamolodchikov (1990)

F.Smirnov (1990)
N.Reshetikhin, F.Smirnov (1990)



R.Kedem, B.McCoy (1993)
R.Kedem, T.Klassen, B.McCoy, E.Melzer (1993)

S.Dasmahapatra, R.Kedem, T.Klassen, B.McCoy, E.Melzer (1993)
R.Kedem, B.McCoy, E.Melzer (1993)

A.Berkovich, B.McCoy, A.Schilling, S.Warnaar (1997)
:                  

S.Kerov, A.Kirillov, N.Reshetikhin (1986)
A.Kirillov, N.Reshetikhin (1988)

:

E. Frenkel, A. Szenes (1993)
W.Nahm, A.Recknagel, M.Terhoeven (1993)

Rogers-Ramanujan





Knot Quiver
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N.Dunfield, S.G., J.Rasmussen



Knot Quiver



P.Kucharski, M.Reineke, M.Stosic, P.Sulkowski
M.Stosic, P.Wedrich

T.Ekholm, P.Kucharski, P.Longhi
T.Ekholm, A.Gruen, S.G., P.Kucharski, S.Park, P.Sulkowski

P.Kucharski
J.Jankowski, P.Kucharski, H.Larraguível, D.Noshchenko, P.Sulkowski

:      

Surprise #1:



John Cardy

Surprise #2:



Character of a logarithmic Vertex Algebra 
(that depends on       , but not on b)

M.Cheng, S.Chun, F.Ferrari, S.G., S.Harrison
M.Cheng, S.Chun, B.Feigin, F.Ferrari, S.G., S.Harrison, D.Passaro

:      

Conjecture: “conformal weight”

Corollary:



Character of a logarithmic Vertex Algebra 
(that depends on       , but not on b)

Conjecture: “conformal weight”

Problem: Construct spectral sequence to Heegaard 
Floer homology.



character of (1,p) “singlet” 
log-VOA with p = 42

“scaling dimension”





3-manifold Algebra________

K.Bringmann, K.Mahlburg, A.Milas (2019)

K.Bringmann, K.Mahlburg, A.Milas (2018)

weight 1/2 mock

weight 3/2 mock

(1,p) “singlet”
log-VOA

Higher depth

Non C2-cofinite
log-VOA ?

M.Cheng, S.Chun, F.Ferrari, S.G., S.Harrison (2018)

?

New log-VOA



Questions:

• Prove or disprove                                                        
for surgeries on links

• What combination of 3-manifold invariants is        ?

• Construct a family of (logarithmic) VOAs labeled by 
plumbing graphs



BPS quiver

P.Kucharski
T.Ekholm, A.Gruen, S.G., P.Kucharski, S.Park, M.Stosic, P.Sulkowski

quasiparticles

Surprise #3:



T.Ekholm, A.Gruen, S.G., P.Kucharski, S.Park, M.Stosic, P.Sulkowski
M.Cheng, S.Chun, B.Feigin, F.Ferrari, S.G., S.Harrison, D.Passaro

Quiver form = Fermionic form of VOA characters



cf. A.Nemethi



Conjecture (“mirror symmetry”):

Character of 
a log-VOA

Character of a 
“mirror” log-VOA



topology

enumerative 
geometry

mathematical 
physics

vertex algebra
quantum groups

gauge 
theory



3d N = 2
+ 2d (0,2) boundary condition

b: background 
momentum/charge 
sectors of 2d 
boundary theory

3d

t

1

Counting BPS states

A.Gadde, S.G., P.Putrov (2013)3d “distorts” modular symmetry



Quantization of Algebraic Curves

Lagrangian 
submanifold

A(x,y) = 0
quantum HamiltonianA =

^

“wave-function”



A(x,y) = 0
quantization

“wave-function”



P.Kucharski
T.Ekholm, A.Gruen, S.G., P.Kucharski, S.Park, M.Stosic, P.Sulkowski



const



boundary slope




